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Abstract
The simplest singularities of smooth mappings are fold singularities. We say that a mapping f is
a fold mapping if every singular point of f is of the fold type. We prove1 that for a closed oriented
4-manifold M4 the following conditions are equivalent:
(1) M4 admits a fold mapping into R3;
(2) for every orientable 3-manifold N3, every homotopy class of mappings of M4 into N3 contains
a fold mapping;
(3) there exists a cohomology class x ∈ H 2(M4;Z) such that xx is the first Pontrjagin class
of M4.
For a simply connected manifold M4, we show that M4 admits no fold mappings into N3 if and
only if M4 is homotopy equivalent to CP 2 or CP 2 #CP 2.
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1. Introduction
We study singularities of smooth mappings of an orientable closed 4-manifold M4 into
an orientable 3-manifold N3 and determine a complete obstruction to the existence of a
mapping M4 → N3 without certain singularities.
Let us begin with review of related results on singularities of mappings into 2-manifolds.
E-mail address: sadykov@math.ufl.edu (R. Sadykov).
1 After the paper was written, O. Saeki informed the author that he obtained similar results using a different
approach [O. Saeki, Comment. Math. Helv. 78 (2003) 627].
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1.1. Mappings into surfacesEvery continuous mapping M2 → N2 of surfaces can be approximated by a mapping f
with only three types of points: regular points, fold singular points and cusp singular points
(Whitney [31]). By definition, a point p of M2 is a regular point of f if the restriction of f
to some neighborhood of p is a diffeomorphism. We say that a point p is a singular point
of the fold or cusp type if in some coordinate neighborhoods about the points p and f (p)
the mapping f has the form
f (x, y)= (x, y2) or f (x, y) = (x3 + xy, y),
respectively. Considering local forms, we conclude that the set of regular points of f is
an open submanifold of M2 and the set of fold singular points forms a submanifold of
dimension 1 with boundary at the discrete set of cusp singular points.
Under general position homotopy (for definition see Sections 3 and 4) the number
of cusp singular points of the mapping f may change. The representative samples of
bifurcations are the homotopies of birth
ft (x, y)=
(
x3 ± xy2 ∓ tx, y), t ∈ [−1,1],
ft (x, y)=
(
x4 + xy − tx2, y), t ∈ [−1,1],
under each of which two new cusp singular points appear, and the homotopies of death
ft (x, y)=
(
x3 ± xy2 ± tx, y), t ∈ [−1,1],
ft (x, y)=
(
x4 + xy + tx2, y), t ∈ [−1,1]
each of which reduces a pair of cusp singular points. We note that under general position
homotopy the parity of the number of cusp singular points remains the same. In fact,
the parity of the number of cusp singular points is the same as the parity of the Euler
characteristic of M2. Thus, for example, RP 2 does not admit a mapping into R2 with only
fold singular points [31].
Singularities of a general position mapping (for definition see Section 4) from a
manifold of dimension m, m  3, into a surface are similar to singularities of a
general position mapping of surfaces; a general position mapping f :Mm → N2 has a
1-dimensional submanifold of fold singular points and a discrete set of cusp singular
points. As above, the homology class of the cusp singular points does not change under
general position homotopy, and hence gives an obstruction to the elimination of cusp
singular points by homotopy. If the manifold N2 is orientable, then the homology class
of the cusp singular points is Poincaré dual to wm(Mm) (Thom [28]) and yields a complete
obstruction (Levine [14]; Èliashberg [7]).
1.2. Thom–Boardman singularities
In general, the set of singular points S(f ) of a smooth mapping f is not a manifold.
However, if f is in general position, then S(f ) naturally breaks into a union of
finitely many manifolds which correspond to Thom–Boardman singularities. The Thom–
Boardman singularities and the stratification of S(f ) of a general position mapping are
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defined as follows. Let TM and T N denote the tangent bundles of manifolds M and N ,
respectively. For a smooth mapping f :M → N , the differential df :TM → TN is a
mapping linear on every fiber of TM . The dimension of the kernel of df at a point x ∈ M
is called the kernel rank of f at x and is denoted by krxf . Let Si = Si (f ) denote the set
of points x ∈ M with krxf = i . Suppose that dimM = m n = dimN . Then the points of
the set Sm−n are called regular. The other points of the manifold M are called singular. If
f is in general position, then every set Si is a submanifold of M . Under this assumption,
we consider the restriction f |Si1 of f to the submanifold Si1 and define Si1,i2 as the subsetSi2(f |Si1 ) of Si1 . Again, for a general position mapping f , every set Si1,i2 is a submanifold
of M (Boardman [5]), hence the definition may be iterated. Thus, the set Si1,...,ik is defined
by induction as Sik (f |Si1,...,ik−1 ). The index I = (i1, . . . , ik) is called the symbol of the
singularity. We will write SI for Si1,...,ik . If x is a singular point of type SI , then we say
that x is an SI -point or I-singular point.
We note that the Whitney fold and cusp singular points of a mapping of surfaces are of
types S1,0 and S1,1,0, respectively.
1.3. Mappings into 3-manifolds
As in the case of a mapping into a surface, the types of singularities of a general position
mapping f :Mm → N3, m 3, do not depend on the dimension m of the domain manifold.
The Boardman Formula for the codimension of the set SI(f ) [5, formula 6.5] implies that
f has a 2-submanifold Sm−2,0(f ) of fold singular points, a curve Sm−2,1,0(f ) of cusp
singular points and a discrete set Sm−2,1,1,0(f ) of swallowtail singular points.
Let f :Mm → N3 be a general position mapping from a closed orientable manifold Mm
into an orientable 3-manifold. By the Ando theorem (Ando [2]), the swallowtail singular
points are not essential for the homotopy class of f ; there is a homotopy of f eliminating
all swallowtail singular points. Let γ be the closure of the cusp singular points of f . As
above, the homology class represented by γ obstructs the elimination of the cusp singular
points. In contrast with mappings into surfaces, it turns out that if Mm is a 4-manifold, i.e.,
m = 4, then the homology obstruction [γ ] ∈ H1(M4;Z2) may not be complete. Saeki [22]
(see also [21,27,1]) showed that every general position mapping of the standard complex
projective plane CP 2 into R3 has cusp singular points though the homology obstruction is
trivial2, [γ ] ∈ H1(CP 2;Z2) = 0.
1.4. Results of the paper
In this paper we determine the secondary obstruction to the elimination of the cusp
singular points of a mapping from an orientable closed 4-manifold into an orientable
3-manifold and show that the secondary obstruction is complete. In geometric terms
this obstruction can be interpreted as follows. Let f :M4 → N3 be a general position
mapping of a closed connected oriented 4-manifold into an orientable 3-manifold. The
2 Moreover, O. Saeki proved this statement for every manifold M4 whose homology is the same as the
homology of CP 2. Compare with Theorem 3.
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set of singular points of f is a surface S embedded into M4. General position homotopy
changes S by embedded bordism. However, as we will show in section 3, the normal Euler
number e(S) of the surface S depends only on the homotopy class of the mapping f . Since
the surface S is determined by f , we denote e(S) by e(f ) as well.
The intersection form of the manifold M4 determines a quadratic form on the free part
of H2(M4;Z). Let Q(M4) denote the set of integers taken on by this quadratic form. We
note that the setQ(M4) and the normal Euler number of a general position mapping depend
on the choice of orientation of M4. It is easily verified, however, that for a given mapping
f :M4 → N3, the condition e(f ) ∈Q(M4) does not depend on the orientation of M4. In
Sections 3 and 7 we will prove the Main Theorem.
Theorem 1. Let f :M4 → N3 be a general position mapping from an orientable closed
connected 4-manifold into an orientable 3-manifold. Then the homotopy class of f
contains a fold mapping if and only if e(f ) ∈Q(M4).
In Section 8 we will express the secondary obstruction in terms of the Pontrjagin
class p1(M4) of the tangent bundle of M4. Namely, we will prove the formula3 e(f ) =
(p1(M4), [M4]), where [M4] is the fundamental class of the manifold M4. It allows us to
formulate the main theorem in terms of the cohomology ring of M4.
Theorem 2. Let f :M4 → N3 be a continuous mapping from an orientable closed
connected 4-manifold into an orientable 3-manifold. Then the homotopy class of f
contains a fold mapping if and only if there is a cohomology class x ∈ H 2(M4;Z) such
that p1(M4) = x2.
Section 9 is devoted to the case where the manifold M4 is simply connected. We
examine the equation p1(M4) = x2 and determine when it has a solution.
Theorem 3. Let M4 be an orientable closed connected simply connected 4-manifold and
N3 be an orientable 3-manifold. Then a homotopy class of a mapping f :M4 → N3 has
no fold mapping if and only if M4 is homotopy equivalent to CP 2 or CP 2 # CP 2. Here
homotopy equivalence is not supposed to be orientation preserving.
Remark 4. If two manifolds M41 and M
4
2 admit a fold mapping into R
3
, then the connected
sum M21 #M
2
2 also admits a fold mapping into R
3
. In [25] the authors conjectured that the
obstruction to the existence of a fold mapping into R3 is additive with respect to connected
sum, and the manifold kCP 2 # lCP 2 admits a fold mapping into R3 if and only if k + l is
odd. Theorem 3 solves the conjecture in the negative.
Remark 5. Sakuma conjectured (see [13, Remark 2.3]) that a closed orientable manifold
with odd Euler characteristic does not admit a fold mapping into Rn for n = 3,7. Saeki [24]
presented an explicit counterexample to this conjecture. Theorem 3 shows that there are
3 After the paper was written, the author learned that this equality is a special case of a result obtained in [17].
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many manifolds with odd Euler characteristic admitting fold mappings into R3. However, it
should be mentioned that Theorem 3 does not suggest a method of an explicit construction
of fold mappings.
Remark 6. A mapping f :Mm → Nn is Morin if it has singularities only of types
(m−n+1,1, . . . ,1,0). If the manifolds Mm and Nn are orientable and m−n is odd, then
every Morin mapping f :Mm → Nn is homotopic to a mapping with at most cusp singular
points [20]. Theorem 3 gives a restriction on further simplification of Morin mappings by
homotopy.
The proof of Theorem 2 is based on the Ando–Èliashberg Theorem, which is an analog
of the Smale–Hirsch Theorem [11].
Let TM and T N be the tangent bundles of smooth manifolds M and N , respectively,
and f :M → N a smooth mapping. The celebrated Smale–Hirsch Theorem states that a
necessary and sufficient condition for the existence of an immersion M  N homotopic
to f is the existence of a bundle homomorphism TM → T N of rank dimM homotopic
to df :TM → TN . The two bundles ξ = TM and η = f ∗T N over M give rise to the
bundle HOM(ξ, η) over M , whose fiber is the set of homomorphisms Hom(ξx, ηx)
between the fibers ξx and ηx of the bundles ξ and η over a point x ∈ M , respectively.
If f is an immersion, then the section M →HOM(ξ, η) that sends a point p ∈ M to the
differential df |p does not intersect the singular set {(y, g) ∈ HOM(ξ, η) | y ∈ M, g ∈
Hom(ξy, ηy), and rank(g) < dimM}. An alternative formulation of the Smale–Hirsch
Theorem asserts that the mapping f is homotopic to an immersion if and only if there
exists a continuous section of the bundle HOM(ξ, η) that does not intersect the singular
set.
In [5] Boardman gives a generalization J∞(ξ, η) of the space HOM(ξ, η) and for
every symbol I defines a submanifold ΣI ⊂ J∞(ξ, η). Every mapping f :M → N
induces a section jf of the bundle J∞(ξ, η) over M . Moreover, if the mapping f satisfies
some general position conditions (see Section 4), then the singular sets SI(f ) coincide
with the sets (jf )−1(ΣI). We will use the Ando–Èliashberg theorem [2] which states that
for a certain class of symbols I , a mapping without I-singularities exists if and only if there
is a section of the bundle J∞(ξ, η) such that the image of the section does not intersect the
singular set ΣI (see Section 4).
2. Singularities of mappings M4→N3
Let f :M4 → N3 be a mapping from a closed 4-manifold M4 into a 3-manifold N3.
The mapping f is in general position if for every point p ∈ M4 there are coordinate
neighborhoods, U about p and V about f (p), such that the restriction of the mapping
f to U has one of the following types:
Regular type
T1 = t1, T2 = t2, Z = t3.
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Definite fold singularity type
T1 = t1, T2 = t2, Z = q21 + q22 .
Indefinite fold singularity type
T1 = t1, T2 = t2, Z = q21 − q22 .
Cusp singularity type
T1 = t1, T2 = t2, Z = q21 + t1x + x3.
Swallowtail singularity type
T1 = t1, T2 = t2, Z = ±q21 + t1x + t2x2 + x4.
This definition of a general position mapping agrees (see [4]) with the general definition
that we recall in Section 4. The coordinate neighborhoods U and V are called special
or standard neighborhoods. We say that a general position mapping from a 4-manifold
into a 3-manifold is a fold mapping (respectively cusp mapping) if it does not have cusp
(respectively swallowtail) singular points.
It is known that every mapping can be approximated by a general position mapping [5].
Furthermore, as has been mentioned, every mapping of an orientable closed 4-manifold to
an orientable 3-manifold is homotopic to a general position mapping f without swallowtail
singular points [2]. Let S(f ), S+(f ), S−(f ) and γ = γ (f ) denote the singular set of f ,
the set of definite fold points, the set of indefinite fold points, and the set of cusp points
respectively. Then the set S(f ) is a 2-dimensional submanifold of M4, the sets S−(f )
and S+(f ) are 2-submanifolds of S(f ) with boundaries and ∂S−(f ) = ∂S+(f ) = γ . It is
known that the Z2-homology class represented by the curve of cusp singular points γ is
trivial. We will show that γ bounds an orientable surface.
We denote the union of all components of S(f ) that have cusp points by C(f ) and
define C−(f ) = S−(f )∩C(f ) and C+(f ) = S+(f )∩C(f ).
Lemma 7. Suppose that f :M4 → N3 is a cusp mapping from an orientable closed
4-manifold into an orientable 3-manifold. Then the submanifold C+(f ) is an orientable
surface bounded by γ .
Proof. Let U be a special coordinate neighborhood of a point p ∈ C+(f ). The normal
bundle of the image f (C+(f ) ∩ U) has a canonical orientation given by a vector field
each vector of which in some special coordinates coincides with ∂
∂Z
. The canonical
orientation of the normal bundle of the image of C+(f ) ∩ U leads to an orientation of
C+(f ) ∩ U . Thus, every point of C+(f ) has a neighborhood with canonical orientation.
These orientations give rise to an orientation of C+(f ). Therefore, C+(f ) is an orientable
surface bounded by γ . 
Let us recall that a vector v(p) at a cusp point p is called a characteristic vector if
there is a standard coordinate neighborhood of p such that v(p) = ∂
∂t1
(p). A vector field
on the curve γ (f ) in M4 is called a characteristic vector field if it consists of characteristic
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vectors. The existence of a characteristic vector field for an arbitrary cusp mapping of an
orientable 4-manifold into an orientable 3-manifold will follow from Lemma 15 bellow.
We adopt the convention to substitute the word ‘bundle’ for the phrase ‘total space of a
bundle’. For a vector bundle, we will identify the base with the zero section.
3. Bifurcations of singular set
The singular set S(f ) of a general position mapping f :M4 → N3 from a closed
orientable 4-manifold into an orientable 3-manifold is a submanifold of M4. A homotopy
of f gives rise to a deformation of the singular set. If the homotopy of f is in general
position, then the singular set changes by isotopy, except for finitely many moments at each
of which a stable bifurcation of the singular set occurs. The objective of this section is to
describe the stable bifurcations of the singular set and define an invariant of the embedding
S(f ) → M4 that does not change under homotopy of f .
We say that a homotopy F :M4 × [0,1] → N3 × [0,1] joining two general position
mappings is a general position homotopy if it is a general position mapping. The definition
of a general position mapping is given in Section 4. In this section we will use only a
classification of singularities of general position mappings and the fact that every mapping
has a C1-close approximation by a general position mapping.
Lemma 8. Every homotopy joining two general position mappings can be approximated
by a general position homotopy.
Proof. Let f0 and f1 be two general position mappings, fi :M4 → N3, i = 0,1. Let
F :M4 × [0,1] → N3 × [0,1] be a homotopy between f0 × {0} and f1 × {1}. For a
small number ε, we may assume that the homotopy F does not change the mapping in
intervals [0, ε) ⊂ [0,1] and (1 − ε,1] ⊂ [0,1]. As a mapping from a 5-manifold into a
4-manifold, the homotopy F has a C1-close approximation by a general position mapping.
Moreover, there is an approximation F˜ that coincides with F on a neighborhood of
M4 × {0} ∪ M4 × {1}. Since F˜ is C1-close to F , the composition p ◦ F˜ :M4 × [0,1] →
[0,1], where p :N3 × [0,1] → [0,1] is the projection onto the second factor, has no
singular points. Therefore, for every moment t0 ∈ [0,1], the inverse image F˜−1(N3 ×{t0})
is diffeomorphic to M4. Thus, F˜ can be considered as a new homotopy joining f0 and f1,
which as a mapping from a 5-manifold into a 4-manifold is in general position. 
Lemma 8 guarantees that any two homotopic general position mappings can be joined
by a homotopy in general position. By dimensional reasonings (see, for example, [5,3]) a
general position mapping f from a 5-manifold into a 4-manifold has Morin singularities,
and D4 singularities with symbol I = (2,2,0). In a neighborhood of a Morin singular
point, in some local coordinates, the mapping f can be written as
f (t1, t2, t3, q, x)=
(
t1, t2, t3,±q2 +
k−1∑
i=1
tix
i + xk+1
)
, k = 1,2,3,4. (1)
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For a D4 point of f , there are local coordinates in which the mapping f takes the formf (t0, t1, t2, u, v) =
(
t0, t1, t2, u
2v ± v3 + t0u+ t1v + t2v2
)
. (2)
Suppose that F :M4 × [0,1] → N3 × [0,1] is a general position homotopy joining two
general position mappings f0 and f1. From the normal forms (1) and (2), it is easy to
verify that the singular set of a general position homotopy F :M4 × [0,1] → N3 × [0,1]
is a submanifold of M4 × [0,1]. Therefore, S(F ) defines an embedded bordism between
the singular sets of f0 and f1.
Now let us introduce an invariant of a homotopy class of a mapping M4 → N3.
Let K be a 2-dimensional submanifold of an oriented closed 4-manifold M4, and F be
an orientation system of local coefficients over K . Then the normal class or the Euler class
of the normal bundle over K in M4 is a cohomology class e ∈ H 2(K;F). The number
(e, [K]), where [K] ∈ H2(K;F) is the fundamental class of K , is an integer called the
normal Euler number of the embedded manifold K . We denote this number by e(K). Note
that the sign of the normal Euler number depends on the orientation of M4 (see [15]).
For a general position mapping f from an oriented closed 4-manifold M4 into a
3-manifold N3, its singular set is an embedded submanifold S(f ) of M4. We define the
integer e(f ) as the normal Euler number of the embedded 2-dimensional submanifold
S(f ). The integer e(f ) turns out to be invariant under homotopy of f :M4 → N3.
Lemma 9. If f0 and f1 are two homotopic general position mappings, then e(f1) = e(f2).
Proof. Let F :M4×[0,1] → N3 ×[0,1] be a general position homotopy joining f0 :M4×
{0} → N3 × {0} and f1 :M4 × {1} → N3 × {1}. The boundary of the singular set B of F
is the union of the singular sets B0 of f0 and B1 of f1. Let it :Bt → B , t = 0,1, denote the
inclusion, F the orientation system of local coefficients on B , and let e ∈ H 2(B;F) be the
Euler class of the normal bundle of B in M4 × [0,1]. Then
e(f0)− e(f1) =
(
i∗0e, [B0]
)− (i∗1e, [B1])= (e, i0∗[B0] − i1∗[B1])= 0,
since i0∗[B0] − i1∗[B1] corresponds to the boundary of B and vanishes in H2(B;F). 
The invariant e(f ) allows us to give a necessary condition for the existence of a fold
mapping into N3. In the later sections we will prove that this condition is also sufficient.
With every oriented closed 4-dimensional manifold M4 we associate the set Q(M4) of
integers each of which is the normal Euler number of an orientable surface in M4.
Lemma 10. If f :M4 → N3 is a fold mapping, then e(f ) ∈Q(M4).
Proof. The singular set of a fold mapping consists of the surfaces S−(f ) of indefinite fold
singular points and S+(f ) of definite fold singular points. Therefore, e(f ) = e(S−(f )) +
e(S+(f )). In [21] (see also [1]) it is proved that e(S−(f )) = 0. Hence, e(f ) = e(S+(f )).
Since S+(f ) is orientable (see Lemma 7), we conclude that e(f ) ∈Q(M4). 
Corollary 11. Suppose that the homotopy class of a general position mapping f :M4 →
N3 contains a fold mapping. Then e(f ) ∈Q(M4).
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4. Reduction to an algebraic topology problemTo prove that e(f ) gives a sufficient condition to the existence of a homotopy
eliminating the cusp singular points of f and to calculate the value e(f ) we need some
results due to Boardman, Ando, and Èliashberg. In this section we review a definition of
singularities given by Boardman and formulate the Ando–Èliashberg theorem.
Let M and N be two smooth manifolds. A germ f at x ∈ M is a mapping from
a neighborhood about x in M into N . Two germs are equivalent if there exists a
neighborhood of x where the germs coincide. A k-jet is a class of ∼k-equivalence of germs.
Two germs f and g at x are ∼k-equivalent if at the point x the mappings f and g have the
same partial derivatives of order  k.
The set of all k-jets J k(M,N) is called the k-jet space. The k-jet space is a bundle
with respect to the projection J k(M,N) → M that takes a k-jet at x into the point x .
There are natural projections J r(M,N) → J r−1(M,N), which give rise to the inverse
limit J∞(M,N) = lim←− J r(M,N) called the jet space. A function on the jet space is
smooth if locally it is the composition of the projection onto some k-jet space and a smooth
function on the k-jet space. A vector of the tangent bundle of the jet space is a differential
operator. We say that a subset of the jet space is a submanifold if it is the inverse image of
a submanifold of some k-jet space.
The set of germs determined by a smooth mapping f :M → N defines a jet section
jf :M → J∞(M,N). There is a subbundle D of the tangent bundle of the jet space such
that for every smooth mapping f :M → N and every point x of M the differential of the
section jf is an isomorphism dx(jf ) :TxM → Dy of the tangent plane at x to the fiber of
the bundle D over y = jf (x). We will identify Dy with TxM .
Every 1-jet at a point x ∈ M determines a homomorphism TxM → Tf (x)N , where f is
a germ at x representing the jet. Let y be a point of the jet bundle and Ky ⊂ Dy the kernel
of the homomorphism defined by the 1-jet component of y . It is known that for every i1
the set
Σi1 =
{
y ∈ J∞(M,N) | dimKy = i1
} (3)
is a submanifold of J∞(M,N). Let Ir denote the set of r integers (i1, . . . , ir ) such
that i1  · · ·  ir . Suppose that the set ΣIr−1 has been already defined and ΣIr−1 is a
submanifold of J∞(M,N). Then define
ΣIr =
{
y ∈ ΣIr−1 | dim(Ky ∩ TΣIr−1) = ir
}
. (4)
Boardman proved that for every symbol Ir the set ΣIr is a submanifold of J∞(M,N).
A mapping f is called a general position mapping if the section jf is transversal to
every submanifold ΣI . Using the Thom Strong Transversality Theorem (see [4] or [5]),
one can prove that every mapping can be approximated by a general position mapping.
The set SI(f ) = (jf )−1(ΣI) is called the I-singular set of f . If f is in general
position, then this definition of I-singular set coincides with the definition of SI(f ) given
in the introduction.
If ζ is a vector space, then ζ ◦r = ζ ◦ ζ ◦ · · · ◦ ζ denotes the vector space defined
as the vector space ζ⊗r factored by the relation of equivalence: v1 ⊗ v2 ⊗ · · · ⊗ vr ∼
w1 ⊗ w2 ⊗ · · · ⊗ wr if and only if there is a permutation of r elements σ such that
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vi = wσ(i) for i = 1, . . . , r . The space ζ ◦r is called the symmetric r-tensor product of ζ .
As in the example at the end of Section 1.4 for every r , the bundles ξ and η give rise
to the bundle HOM(ξ◦r , η). The fiber of HOM(ξ◦r , η) over a point x ∈ M is the
set of homomorphisms Hom(ξ◦rx , ηx) between the fibers ξ◦rx and ηx of the bundles ξ◦r
and η, respectively, over x . The spaceHOM(ξ, η) in the formulation of the Smale–Hirsch
Theorem is generalized by the vector bundle
Sr(ξ, η) =HOM(ξ, η)⊕HOM(ξ ◦ ξ, η)⊕ · · · ⊕HOM(ξ◦r , η)
over M (see paper [19] of Ronga). As above we define S∞(ξ, η) as the inverse limit
lim←− S
r(ξ, η).
Let kr(g) denote the rank of the kernel of a linear function g. A point of S∞(ξ, η) over
a point x ∈ M is a set g = {gi} that consists of homomorphisms gi ∈ Hom(ξ◦ix , ηx). We set
Σ˜i1 =
⋃
x∈M
{
g ∈ S∞(ξx, ηx) | kr(g1) = i1
}
. (5)
Let Kh and Ch, respectively, denote the kernel and cokernel of a homomorphism h ∈
Hom(ξ, η). The composition of natural homomorphisms
Hom(ξ ◦ ξ, η) → Hom(ξ,Hom(ξ, η))→ Hom(Kg1,Hom(Kg1,Cg1))
takes the homomorphism g2 ∈ Hom(ξx ◦ ξx, ηx) into some homomorphism g˜2. We define
Σ˜i1,i2 =
⋃
x∈M
{
g ∈ S∞(ξx, ηx) | g ∈ Σ˜i1 and kr(g˜2) = i2
} (6)
and refer the reader to [5] (see also [20]) for the definition of Σ˜I ⊂ S∞(ξ, η) where I is a
symbol of length  1.
Suppose we are given a continuous mapping f :M → N . Then we can simplify the
spaces J k(M,N) as follows. The space J k(M,N) may be viewed as a bundle over M×N .
Therefore, the mapping id×f :M → M × N , where id is the identity mapping of M ,
induces some bundle J k(M,f,N) over M . In what follows we will suppose that a mapping
f is given and we will write simply J k(M,N) for J k(M,f,N).
The bundle J r(M,N) is isomorphic to the bundle Sr(ξ, η), where ξ = TM and
η = f ∗T N . Moreover, there is an isomorphism of bundles S∞(ξ, η) and J∞(M,N)
that takes each Σ˜I isomorphically onto ΣI [20]. That is why we identify Sr(ξ, η) with
J r(M,N), r = 1,2, . . . ,∞, and Σ˜I with ΣI . Also we will write J r(ξ, η) for Sr(ξ, η).
Let m = dimM, n = dimN, i = max {1,m−n+1}, ξ = TM , and η = f ∗T N . Let I1
denote the sequence (i,0) and Ir , r > 1, denote the sequence (i,1, . . . ,1,0) of length r+1.
The points of the set ΣIr are called Morin singular points. We denote the regular points by
Σi−1 and the Morin singular points with index of length at most r + 1 by Ωr = Ωr(ξ, η).
Then Ωr is a bundle over M .
Theorem 12 (Ando [2] and Èliashberg [8]). Let dimN  2. Then for any continuous
section s :M → Ωr there exists a Morin map g :M → N such that jg :M → Ωr becomes
a section fiber-wise homotopic to s in Ωr .
In particular the Ando–Èliashberg theorem reduces the question of the existence of
a fold mapping to the problem of finding a continuous section of the bundle Ω1. The
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bundle Ω1 can be induced by an appropriate mapping from the universal bundle, which is
defined as follows. Let BSOm and BSOn denote the Grassmann manifolds. The projections
of BSOm × BSOn onto the first and the second factors induce from the universal bundles
over BSOm and BSOn two bundles over BSOm × BSOn, which we denote by Em and En,
respectively. As above the bundles Em and En give rise to a new bundle J∞(Em,En)
over BSOm × BSOn. Let f :M → N be a smooth mapping from an m-manifold into
an n-manifold. There are characteristic mappings τm :M → BSOm and τn :N → BSOn
inducing the tangent bundles from the universal bundles. It is easily verified that the
mapping µ = τm × (τn ◦ f ) :M → BSOm × BSOn induces from the bundle J∞(Em,En)
the bundle equivalent to the bundle J∞(ξ, η) defined above. The bundle J∞(Em,En) is
called a universal jet bundle (compare with [10]). As above we can define subbundles
Ωr(Em,En). Note that the induced bundle µ∗(Ω1(Em,En)) is equivalent to the bundle
Ω1(ξ, η).
5. Corollaries of the Ando–Èliashberg theorem
The proof of Theorem 12 in [2] shows that the relative version of Theorem 12 is valid
as well. In other words, suppose that U is an open set in M and s :M → Ωr is a section
such that the restriction of s to a neighborhood of M \ U is the jet section jg induced
by a Morin mapping g :M \ U → N . Then g admits an extension to a Morin mapping
g˜ :M → N whose jet section j g˜ is fiber-wise homotopic in Ωr to s by homotopy constant
over M \ U .
The space J∞(ξ, η) is infinite dimensional. For almost all our work it will be sufficient
to consider finite dimensional jet bundle J 2(ξ, η). Formulas similar to (5) and (6) define
subsets Σ2i1 ⊂ J 2(ξ, η) and Σ2i1,i2 ⊂ J 2(ξ, η). We denote the analog of Ω1 by Ω21 ⊂
J 2(ξ, η). For fold mappings the Ando–Èliashberg theorem acquires the following form
(see the proof of [2, Theorem 1]).
Theorem 13. The homotopy class of a mapping f :Mm → Nn, m n 2, contains a fold
mapping if and only if there exists a section s :Mm → Ω21 .
As a corollary of the Ando–Èliashberg theorem, we obtain that the existence of
a homotopy eliminating the cusp singular points of a mapping f into an orientable
3-dimensional manifold is independent of f .
Corollary 14. The homotopy class of f :Mm → N3, m  3, contains a fold mapping if
and only if there is a fold mapping g :Mm → R3.
Proof. By Ando–Èliashberg theorem, the homotopy class of f contains a fold mapping if
and only if there is a section Mm → Ω21 ⊂ J 2(TMm,f ∗T N3). The latter does not depend
on f or T N3 since the tangent bundle of an orientable 3-manifold is trivial. 
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6. Surgery of γ (f )In this section we study a surgery of the singular set of a cusp mapping f :M4 → N3
and find a sufficient condition for the existence of a homotopy of f realizing a given
surgery.
Let f :M4 → N3 be a cusp mapping of an orientable 4-manifold into an orientable
3-manifold. In general, the restriction of f to the curve of cusp singular points γ is an
immersion. To simplify arguments, we make f |γ an embedding by a slight perturbation of
f in a neighborhood of γ . Let ν be a field of characteristic vectors on γ . We say that an
orientable surface H is a basis of surgery (see Èliashberg [8]), if
(B1) ∂H = γ ,
(B2) the vector field ν is tangent to H and has an inward direction,
(B3) H \ ∂H does not intersect S(f ), and
(B4) the restriction f |H is an immersion.
We will show that if a basis of surgery H exists, then we can reduce γ by modification of f
in a neighborhood of H . We assume that γ is connected and f has no other cusp singular
points. The proof in the general case is similar.
We start with a description of the behavior of f in a neighborhood of γ . We recall that
in special coordinates the standard cusp mapping g :D3 → D2 has the form g(t, q, x) =
(t, q2 + tx + x3).
Lemma 15. There are product neighborhoods S1 × D3 of γ and S1 × D2 of f (γ ) such
that f restricted to S1 × D3 is the product of the identity mapping of S1 and the standard
cusp mapping g.
Proof. Let S1 ×D2 be a neighborhood of f (γ ) consisting of discs D2x = f (x)×D2 each
of which is indexed by a point x ∈ γ and transversally intersects the image of γ at f (x).
The restriction of f to a neighborhood of γ followed by the natural projection of S1 ×D2
onto f (γ ) has rank 1 at every point. Hence the Inverse Function Theorem implies that
there is a neighborhood S1 × D3 of γ consisting of small discs D3x each of which maps
under f into the corresponding disc D2x .
For a point x ∈ γ , let fx denote the restriction f |D3x . We recall that we write
J∞(D3x,D2x) for J∞(D3x, fx,D2x) and identify this space with S∞(T D3x, f ∗x T D2x).
Lemma 16. For every point x ∈ γ , the mapping fx is a general position mapping,
i.e. a mapping whose jet section sends D3x to Ω2 ⊂ J∞(D3x,D2x) transversally to the
submanifolds of Σ2 and Σ2,1-points.
Proof. We will write J∞[−1,1] for J∞([−1,1] × D3x, [−1,1] × D2x) and J∞{0} for the
restriction of J∞[−1,1] to {0} × D3x . Let
s :J∞
(
D3x,D
2
x
)→ J∞[−1,1]
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be the embedding that relates the jet section of a mapping
g :D3x → D2x
with the jet section of the mapping
id×g : [−1,1] ×D3x → [−1,1] × D2x
restricted to {0}×D3x , where id stands for the identity mapping of [−1,1]. More precisely,
by definition, s is a unique embedding that makes the diagram
J∞(D3x,D2x)
s J∞[−1,1]
D3x
jg
[−1,1] × D3x
j (id×g)
commutative (see also the definition before Lemma 26). Here the bottom mapping is the
embedding identifying D3x with the disc {0} ×D3x .
Let us write Σ ′I for the set of I-points in J∞[−1,1] and Σ˜I for the set of I-points in
J∞(D3x,D2x).
By [19, Lemma 4.3], for every symbol Ik of length k  2, the mapping s is transversal
to Σ ′Ik ∩ J∞0 in J∞{0} and s−1(Σ ′Ik ) = Σ˜Ik . By definitions (5) and (6), the sets Σ ′Ik , k  2,
are transversal to the fiber J∞{0} in J∞[−1,1]. Therefore the mapping s is transversal to Σ ′Ik ,
k  2, in J∞[0,1].
Let us prove that s−1(Σ ′Ik ) = Σ˜Ik for k = 3. The mapping s defines a homomorphism
s∗ of the tangent bundles of J∞(D3x,D2x) and J∞[−1,1]. Note that for every y ∈ J∞(D3x,D2x),
the homomorphism s∗ bijectively sends the kernel Ky defined in Section 4 into the kernel
Ks(y). For a symbol I2 of length 2, the transversality s Σ ′I2 and s−1(Σ ′I2) = Σ˜I2 imply
that s−1∗ (T Σ ′I2) = T Σ˜I2 . Therefore
s∗
(
Ky ∩ T Σ˜I2
)= Ks(y) ∩ TΣ ′I2 .
Hence, by (4), for every symbol I3, the set Σ˜I3 coincides with s−1(Σ ′I3).
Identifying D3x with {0}×D3x ⊂ [−1,1]×D3x ⊂ S1 ×D3, we obtain (jf )|D3x = s ◦ jfx .
Since the mapping s is transversal to Σ ′2, Σ ′2,1 and the inverse image of the set of Ω2-points
of J∞[−1,1] under the mapping s is the set of Ω2-points in J∞(D3x,D2x), it remains to show
that
(C1) the image of (jf )|D3x is in Ω2 ⊂ J∞[−1,1], and(C2) (jf )|D3x is transversal to the sets of Σ2 and Σ2,1-points.
The condition (C1) holds since Im(jf ) ⊂ Ω2. Let us prove (C2). The differential of the jet
section jf at x splits into the sum of homomorphisms
d(jf ) = d(jf )|TxD3x + d(jf )|Txγ , (7)
where TxD3x and Txγ are the tangent spaces of D3x and γ at x , respectively. The differential
d(jf )|Txγ sends Txγ into the tangent space of the Σ2,1-points. Now, since f is in general
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position, Eq. (7) implies that d(jf )|T D3 is transversal to the sets of Σ2,1 and Σ2-points.x x
This completes the proof of Lemma 16. 
In view of Lemma 16, the collection of the mappings {fx} indexed by the points of an
interval of γ can be viewed as a homotopy of the standard cusp mapping, which is known to
be homotopically stable (for example, see Theorem 7.1 in [9]). Therefore, there is a cover
{Iα} of the curve γ by intervals such that for each interval Iα of the cover, the mapping f
restricted to Iα ×D3 is equivalent to the product idα ×g of the identity mapping of Iα and
the standard cusp mapping g.
The trivializations {Iα × D3} and {Iα × D2} lead to bundle structures of S1 × D3 and
S1 × D2 over S1 with common cover {Iα} of S1 and with transition mappings consistent
with f . The latter means that each pair (ψ,φ) of the corresponding transition mappings
belongs to the group stabilizing the standard cusp mapping g. Since the normal bundles
of γ in M4 and of f (γ ) in N3 are orientable, the transition mappings are elements of the
group
Aut(g) = {(ψ,ϕ) ∈ Diff+(D3,0)× Diff+(D2,0) | ϕ ◦ g ◦ψ−1 = g},
where Diff+(D2,0) and Diff+(D3,0) stand for the groups of orientation preserving auto-
diffeomorphisms of (D2,0) and (D3,0), respectively. The group Aut(g) reduces to a
maximal subgroup MC Aut(g) conjugate to a linear compact subgroup [12,29]. To prove
Lemma 15, it remains to show that the group MC Aut(g) is trivial.
Let K denote the orientable version of the contact group, i.e., K is a semiproduct of
Diff+(D2,0) and of the group of germs (D2,0) → Diff+(D1,0). The group AutK(h) of a
germ h : (D2,0) → (D1,0) is defined by
AutK(h) =
{
ϕ ∈K | ϕ(h) = h}.
The standard cusp mapping g is a miniversal unfolding of the germ g0 : (D2,0) → (D1,0),
defined by g0(q, x) = q2 + x3. Hence by [29, Proposition 3.2], the group MC Aut(g) is
isomorphic to MC AutK(g0). The latter group is isomorphic to a compact subgroup H of
the group AutQg0 of automorphisms of the local algebra of g0 (see [18, Theorem 1.4.6]).
Let ψ ∈ GL+(2) be a linear automorphism of R2 that preserves orientation. It defines an
action on germs (R2,0) → (R,0) by sending a germ h into h ◦ψ . Suppose that this action
factors through an action on local algebra AutQg0 . Then ψ defines an element in AutQg0 .
By the proof of [18, Theorem 1.4.6], we may assume that each element of H < AutQg0
is induced by a linear map of GL+(2). The linear maps ψ ∈ GL+(2) corresponding to
elements of H leave invariant the principal ideal P generated by a germ that in some
coordinates has the form (q, x) → q2+x3. Note that up to a scalar multiple the vector ∂
∂x
is
determined by the property that for every germ h ∈ P , the partial derivative ∂2h
∂x2
(0,0)= 0.
Consequently, if a map ψ ∈ GL+(2) corresponds to an element in H , then ψ leaves the
direction of the vector ∂
∂x
invariant, i.e., ψ( ∂
∂x
) = α ∂
∂x
with α = 0. Moreover, since ψ
leaves the ideal P invariant, we conclude that α > 0. Hence, the group H is contractible.
This completes the proof of Lemma 15. 
We need one more preliminary observation. Let I denote the closed interval [−1,1] and
g : I ×D2 → I × I be the standard cusp mapping defined by g(t, q, x) = (t, q2 + tx+x3),
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where t and q, x are the coordinates of the first and the second factors of the domain
I ×D2, respectively. Then g can be considered as a homotopy gt :D2 → I, t ∈ I, defined
by gt (q, x) = q2 + tx + x3. Note that g−1 :D2 → I is a Morse function. Since Morse
functions are homotopically stable, there are coordinates in which gs = g−1 for each
s ∈ [−1,−1 + ε).
Lemma 17. Suppose that there is a basis of surgery H1. Then there is a fold mapping
f˜ :M4 → N3, which differs from f only in a neighborhood of H1.
Proof. Let U(γ ) = S1 × D3 be a neighborhood of γ in M4 given by Lemma 15. Let t2
be a cyclic coordinate on the circle S1, (t1, q, x) be coordinates on D3 and (T1, T2,Z) be
coordinates in a neighborhood of f (γ ) with T2 cyclic such that f |U(γ ) is given by
T1 = t1, T2 = t2, Z = q2 + t1x + x3.
We may assume that
H1 ∩U(γ ) =
{
(t1, t2, q, x) | x = q = 0, t1 ∈ [0,1]
}
.
We define
H0 =
{
(t1, t2, q, x) | x = q = 0, t1 ∈ [−1,0]
}
and set H = H0 ∪H1.
We regard a tubular neighborhood of a submanifold as a disc bundle. The properties (3)
and (4) of the definition of a basis of surgery guaranties that the submanifold H has
a tubular neighborhood A such that the restriction of A to H ∩ U(γ ) is in U(γ ), the
intersection S(f ) ∩ ∂A is in the restriction of the bundle A to ∂H and the set A \ U(γ )
contains no singular points of the mapping f . To simplify explanations we assume that
f |H is an embedding. Then the image of A, which we denote by B , is a line bundle over
f (H).
In the following, for a manifold X with boundary ∂X, let CX denote a collar
neighborhood of ∂X in X, and let I denote [−1,1].
First, by the remark preceding the lemma, the manifolds B1 = B|f (CH) and A1 =
f−1(B1) ∩ A have product structures A1 = CH × I × I and B1 = f (CH) × I such that
f |A1 is a product of a diffeomorphism CH → f (CH) and a Morse function. We may
assume that the restriction of this Morse function to CI × I ∪ I × CI is the projection
onto the factor corresponding to the coordinate x , CI × I → I , I × CI → CI , and that
A1 = A|CH .
Next, we extend the product structure of B1 to a product structure f (H)× I of B . Then
we restrict this product structure to B2 = f (H)× CI and define A2 = f−1(B2)∩ A. The
mapping f |A2 is regular and therefore we may assume that A2 = H × I × CI is a trivial
line bundle over B2 with projection f |A2 along the second factor.
Finally, we can find A3 ⊂ A and a product structure H × CI × I of A3 such that f |A3
is a trivial CI -bundle over f (H)× I and A1 ∪A2 ∪A3 is a collar neighborhood of ∂A.
The connected components of A2 and A3 are orientable 1-dimensional bundles with
bundle mappings given by the restrictions of f . Since the structure group of orientable line
bundles reduces to the trivial group, we can make the third coordinates of A1,A2 and A3
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agree on intersections. We fix an extension of the product structures of A1, A2 and A3 to a
product structure H × I × I of A.
Let p ∈ ∂H and fp denote the restriction of f to the fiber of the bundle A over p. We
let f˜ (x) = f (x) for x ∈ M4 \A and
f˜ (u, v,w) = f (u)× fp(v,w)
for x = (u, v,w) ∈ A = H × I × I. It is easily verified that f˜ is a smooth mapping and f˜
satisfies the requirements of the lemma. 
7. Sufficient condition
The objective of this section is to prove that the condition e(f ) ∈Q(M4) is sufficient
for the existence of a fold mapping homotopic to a general position mapping f :M4 → R3.
In view of Corollaries 8 and 14 this completes the proof of Theorem 1.
Lemma 18. Let f be a general position mapping from a connected closed oriented
4-manifold M4 into R3. Suppose e(f ) ∈Q(M4). Then M4 admits a fold mapping into R3.
Proof. The condition e(f ) ∈Q(M4) guarantees the existence of an orientable 2-submani-
fold S of M4 with normal Euler number e(f ).
Let us prove that in the complement M4 \S , there is an orientable possibly disconnected
embedded surface S˜ such that
(P) every orientable surface embedded in M4 \ S with non-trivial normal bundle
intersects S˜ .
If M4 \ S admits no orientable embedded surface with non-trivial normal bundle, then the
property (P) holds for any orientable embedded surface S˜ . Suppose that in M4 \ S there
is an orientable embedded surface with non-trivial normal bundle and that a surface with
property (P) does not exist. Then for any positive integer k there is a family of oriented
embedded surfaces {Fi}i=1,...,k such that each of the surfaces has a non-trivial normal
bundle and does not intersect the other surfaces of the family. Let TorH2(M4\S;Z) denote
the subgroup of H2(M4 \ S;Z) that consists of all elements of finite order. The group
H2(M
4 \S;Z)/TorH2(M4 \ S;Z) is finitely generated. Fix a set of generators e1, . . . , es .
Every surface Fi represents a class [Fi] in H2(M4 \S;Z)/TorH2(M4 \S;Z), which is not
trivial since Fi has a non-trivial normal bundle. Moreover, [Fi] · [Fi] = 0 and [Fi] · [Fj ] = 0
for i = j . If the number k of the surfaces is greater than the number s of the generators,
then there is a combination
α1[F1] + α2[F2] + · · · + αk[Fk] = 0
with α21 + · · · + α2k = 0. Multiplication of both sides by [Fi], i = 1, . . . , k, gives αi [Fi ] ·
[Fi] = 0. Therefore, αi = 0 for every i = 1, . . . , k. Contradiction. Thus a surface S˜ with
property (P) exists.
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Let us construct a mapping for which the set S˜ ∪ S is the part of the singular set. We
recall that we identify the base of a vector bundle with the zero section.
Lemma 19. There is a general position mapping h :NS → R3 from the normal bundle
NS of S in M4 such that the set S is the set of definite fold singular points of h and h has
no other singular points.
Proof. The fiber of the bundle NS is diffeomorphic to the standard disc D2 = {(x, y) ∈
R2 | x2 +y2 < 1}. Let m :D2 → [−2,2] be the mapping defined by the formula m(x,y)=
x2 + y2. Then m is a Morse function on D2 with one singular point.
For every open disc Uα in S , the restriction of the normal bundle NS to Uα is a
trivial bundle Uα × D2 → Uα . Let I3 denote the segment (−3,3). We define the mapping
gα :Uα × D2 → Uα × I3 by gα(u, z) = (u,m(z)), where u ∈ Uα , and z ∈ D2. Note that
rotations of D2 do not change the function m. We may assume that the fiber bundle
NS→ S is an SO2-bundle. Then the mappings gα give rise to a mapping g :NS→ S×I3.
The open oriented manifold S × I3 admits an immersion into R3. We define h :NS→ R3
as the composition of g and this immersion. 
Lemma 20. Let N S˜ be the normal bundle of S˜ in M4. Then there is a general position
mapping h˜ :N S˜ → R3 such that the set S˜ is the singular set of h˜ and every component of
S˜ has at least one cusp singular point of h˜.
Proof. For a closed disc D ⊂ S˜ , the restriction of the bundle N S˜→ S˜ to S˜ \D is a trivial
bundle (S˜ \D) × D2 → (S˜ \ D), where D2 is the disc as in Lemma 19. Let I3 denote the
segment (−3,3). The function m1 :D2 → I3 defined by m1(x, y) = x2 − y2 is a Morse
function with one singular point at the origin. Let id1 : S˜ \ D → S˜ \ D be the identity
mapping. Put E1 = (S˜ \ D) × D2 and B1 = (S˜ \ D) × I3. Then id1 ×m1 :E1 → B1 is a
fold mapping.
Set E2 = S1 × (−1,1)×D2 and B2 = S1 × (−1,1)× I3. There is a mapping g :E2 →
B2 such that
(1) the set S1 × (−1,0)× {(0,0)} is the set of all indefinite fold singular points of g,
(2) the set S1 × (0,1)× {(0,0)} is the set of all definite fold singular points of g,
(2) the curve S1 × {0} × {(0,0)} is the set of all cusp singular points of g.
Let U denote the intersection of S˜ \ D and a collar neighborhood of ∂(S˜\ ◦D) in S˜\ ◦D.
Then U is diffeomorphic to S1 × (−1,−1/2). We can identify the subset U × D2 of
E1 with the subset S1 × (−1,−1/2) × D2 of E2 and the subset U × I3 of B1 with the
subset S1 × (−1,−1/2) × I3 of B2 so that the obtained sets E1 ∪∼ E2 and B1 ∪∼ B2
are manifolds and the mapping id1 ×m1 coincides with the mapping g on the common
part of the domains E1 ∩ E2 ⊂ E1 ∪∼ E2. Thus, id1 ×m1 and g define a cusp mapping
c :E1 ∪∼ E2 → B1 ∪∼ B2. Note that E1 ∪∼ E2 is diffeomorphic to (S˜ \ D) × D2 and
B1 ∪∼ B2 is diffeomorphic to (S˜ \ D) × I3.
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Let m3 :D2 → I3 be the Morse function, defined by m3(x, y) = x2 + y2, and
id3 :
◦
D→ ◦D be the identity mapping of the open 2-disc ◦D = D \ ∂D. Then id3 ×m3 :
◦
D
×D2 → ◦D ×I3 is a fold mapping. Let V be the intersection of
◦
D and a tubular
neighborhood of ∂D in S˜ . Then V is diffeomorphic to S1 × (1/2,1). We identify the
part V ×D2 of E3 =
◦
D ×D2 with the part S1 × (1/2,1)×D2 of E2 ⊂ E1 ∪∼ E2 and the
part V × I3 of B3 =
◦
D ×I3 with the part S1 × (1/2,1)× I3 of B2 ⊂ B1 ∪∼ B2 so that
(1) the obtained sets E = E1 ∪∼ E2 ∪∼ E3 and B = B1 ∪∼ B2 ∪∼ B3 are manifolds,
(2) the mapping id3 ×m3 coincides with c on the common part of the domains,
(3) the manifold E is diffeomorphic to N S˜ .
The condition (3) can be achieved since the mapping m3 does not change under rotations
of the fiber D2.
Then id3 ×m3 and c define a cusp mapping N S˜→ B . Note that B ≈ S˜ × I3 is an open
orientable 3-manifold. Thus, it admits an immersion into R3. The composition of N S˜ → B
and the immersion B → R3 is a cusp mapping satisfying the conditions of the lemma. 
We identify NS and N S˜ with open tubular neighborhoods of S and S˜ in M4,
respectively. There is a general position mapping g :M4 → R3 which extends h :NS →
R3 and h˜ :N S˜→ R3. In general the extension g has some swallowtail singular points. Let
us prove that we may choose g to be a cusp mapping.
Ando (see [2, Section 5]) showed that for any general position mapping f :M4 → R3,
the obstruction to the existence of a section of the bundle Ω2(TM4, f ∗T R3) over the
orientable closed 4-manifold M4 coincides with the number of the swallowtail singular
points of f modulo 2. Also Ando calculated that this obstruction is trivial. Since the
mapping h ∪ h˜ does not have swallowtail singular points, the obstruction to the existence of
an extension of the section j3(h ∪ h˜), defined over NS ∪N S˜ , to a section of Ω2 over M4
is trivial. Therefore, the relative version of the Ando–Èliashberg theorem (see Section 5)
implies the existence of an extension to a cusp mapping g :M4 → R3.
The singular set S(g) consists of S ∪ S˜ and probably of some other connected
submanifolds A1, . . . ,Ak of M4. We have
e(f ) = e(S(g))= e(S)+ e(S˜ )+ e(A1)+ e(A2) + · · · + e(Ak). (8)
The normal Euler number of the submanifold S equals e(f ). Hence the sum of the normal
Euler numbers e(A1)+ · · · + e(Ak) equals −e(S˜).
Let At be a component of
⋃
Ai . Suppose At is a surface of definite fold singular points.
The surface At is orientable (see Lemma 7) and does not intersect S ∪ S˜ . By definition
of S˜ , this implies e(At) = 0. Suppose At is a surface of indefinite fold singular points.
Then again e(At) = 0 (see [21] or [1]). Therefore, e(At) is non-trivial only if the surface
At contains cusp singular points. Let us recall that the union of those components of the
singular submanifold S(g) that contain cusp singular points is denoted by C = C(g).
Eq. (8) implies that e(C) = e(S˜)+ e(A1) + · · · + e(Ak) = 0.
It remains to prove the following lemma.
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Lemma 21. If g :M4 → R3 is a cusp mapping and e(C) = 0, then there exists a homotopy
of g eliminating all cusp singular points.
Proof. If the curve of cusp singular points is not connected, then there exists a homotopy
of g to a mapping with one component of the curve of cusp singular points. We may require
that the homotopy preserves the number e(C). We omit the proof of these facts since the
reasonings are similar to those in Section 6.
We will assume that the curve of cusp singular points γ (g) is connected and hence so
is C(g).
Lemma 22. Let ν(x) be a characteristic vector field on γ (g). If e(C) = 0, then ν(x) can
be extended on C(g) as a normal vector field.
Proof. For a general position mapping g :M4 → R3, the set
F = f−1(f (C−(g)))M4
is an immersed 3-manifold. The self-intersection points of F correspond to the points of
the surface C−(g).
We say that two vectors v1 and v2 of a vector space have the same direction if v1 = λv2
for some scalar λ = 0. There is an unordered pair of directions (l1(p), l2(p)) over C−(g)
[1] with the following property. For every point p of C−(g) there are a neighborhood U
about p with coordinates (x1, x2, x3, x4) and a coordinate neighborhood about g(p) such
that the restriction g|U has the form (x1, x2, x23 −x24) and the directions of the vectors ∂/∂x3
and ∂/∂x4 coincide with l1(p) and l2(p), respectively. An L-pair is a pair (l1(p), l2(p))
that satisfies this property.
Let F1 ⊂ C−(g) denote the complement of a regular neighborhood of the curve γ (g) in
C−(g). The proof of Lemma 3 in [1] shows that there is a vector field v(p) in the normal
bundle over F1 with directions l1(p) + l2(p) or l1(p) − l2(p) over the boundary ∂F1 for
some L-pair (l1(p), l2(p)).
We say that a direction at a cusp singular point is an x-direction if it is tangent to
the surface S(f ) and transversal to the curve γ (g). Note that for a special coordinate
neighborhood about a cusp singular point the direction of the vector ∂/∂x has an x-
direction.
It is easily verified that for an L-pair (l1(p), l2(p)), the directions l1(p) ± l2(p) are
tangent to F at every point p in C−(f ). Furthermore the directions l1(p) + l2(p) and
l1(p) − l2(p) approach the same x-direction as p approaches γ (g). It implies that the
vector field v(p) over F1 has an extension to C−(g) such that v(p) is transversal to C−(g)
at every point of C−(g) and has an x-direction at every point of γ (g). If necessary, we
multiply the vector field v(p) by −1 to get a vector field which points toward C−(g) over
γ (g). Now the vector field v(p) can be modified in a neighborhood of γ (g) so that a new
v(p) is normal to C−(g) at every point of C−(g) and the restriction of v(p) to γ (g) is the
characteristic vector field ν(p).
The obstruction to the existence of an extension of v(p) to a vector field over C(g) is
the normal Euler number e(C). Since e(C) = 0, such an extension exists. 
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The ends of the vectors ν(p), p ∈ C+(g), define an embedding of an orientable surface
H diffeomorphic to C+(g) into M4. We modify the embedding in a neighborhood of
the boundary ∂H so that the new embedding defines a basis of surgery. Now Lemma 21
follows from Lemma 17. 
The proof of Lemma 18 is complete. 
8. Computation of e(f )
In this section we will calculate the number e(f ) for a general position mapping f from
a closed oriented 4-manifold M4 into an orientable 3-manifold N3.
Lemma 23. Let p1(M4) denote the first Pontrjagin class of M4 and [M4] the fundamental
class of M4. Then e(f ) = (p1(M4), [M4]).
A smooth mapping f :M4 → N3 induces a section of the 2-jet bundle J 2(TM4,
f ∗TN3) over M4. To calculate the invariant e(f ) we consider sections M4 → J 2(ξ, η),
where ξ is an arbitrary orientable 4-vector bundle over M4 and η is an arbitrary orientable
3-vector bundle over M4.
The singular set Σ in the bundle J 2(ξ, η) over M4 is a manifold with singularities. By
dimensional reasonings, the image of a general position section j :M4 → J 2(ξ, η) does not
contain singular points of the manifold with singularities Σ . Consequently, the singular set
j−1(Σ) of the section j is a submanifold of M4. We define the normal Euler number e(j)
of the section j as the normal Euler number e(j−1(Σ)).
A regular neighborhood E of Σ in J = J 2(ξ, η) is an open manifold. There is a system
of local coefficientsF over E, the restrictionF |Σ of which gives a Z-orientation of Σ . The
Poincaré homomorphism for cohomology and homology with twisted coefficients takes
the fundamental class [Σ] onto some class τ ∈ H 2(E,E \ Σ;F). Note that τ τ is in
H 4(E,E \Σ;Z). Let i be the composition
H 4(E,E \ Σ;Z) → H 4(J, J \Σ;Z) → H 4(J,∅;Z)
of the excision isomorphism and the homomorphism induced by the inclusion. We define
h(ξ, η) = i(ττ ). Then we claim that
e(j) = (j∗h(ξ, η), [M4]). (9)
Lemma 24. For every general position section j :M4 → J 2(ξ, η), the normal Euler class
of the surface j−1(Σ) is given by (9). In particular, for every mapping f :M4 → N3 , we
have e(f ) = ((j2f )∗h(TM4, f ∗TN3), [M4]).
Proof. Let A ⊂ M4 denote the singular set j−1(Σ) and B denote a tubular neighborhood
of A. The tubular neighborhoods E of Σ and B of A may be viewed as vector bundles.
Since j :B → E is transversal to Σ , there is a commutative diagram of vector bundles
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B EA
j
Σ
from which it follows that the Thom class of the bundle B → A is j∗(τ ). We have a
commutative diagram
i :H 4(E,E \ Σ;Z)
j∗
H 4(J, J \Σ;Z)
j∗
H 4(J ;Z)
j∗
H 4(B,B \ A;Z) H 4(M4,M4 \A;Z) H 4(M4;Z)
which completes the proof. 
Lemma 24 shows that the number e(j) depends only on the bundles ξ and η. That is
why we will denote this number by e(ξ, η).
In the following, for an arbitrary manifold V , we denote the trivial line bundle over V
by τ (V ) or simply by τ .
Lemma 25. There is an integer k = 0 such that for any orientable 4-vector bundle ξ over
any closed oriented 4-manifold M4, the equality (p1(ξ), [M4]) = ke(ξ,3τ ) holds.
Proof. We recall (see Section 4) that the bundle J 2(ξ,3τ ) over M4 is induced by
an appropriate mapping µ :M4 → BSO4 × BSO3 from some bundle J 2(E4,E3) over
BSO4 × BSO3. As above we define a cohomology class h(E4,E3) ∈ H 4(J 2(E4,E3);Z).
Let α be an arbitrary section of the bundle J 2(E4,E3). Together with µ, the section α
defines a section j :M4 → J 2(ξ,3τ ) such that the diagram
J 2(ξ,3τ ) J 2(E4,E3)
M4
j
µ BSO4 × BSO3
α
commutes. We have
j∗h(ξ,3τ ) = j∗µ˜∗h(E4,E3) = µ∗α∗h(E4,E3),
where µ˜ denotes the upper horizontal homomorphism of the diagram. Consequently, the
class j∗h(ξ,3τ ) is induced by µ from some class α∗h(E4,E3) in H 4(BSO4 × BSO3;Z).
Moreover, since 3τ is a trivial bundle, the mapping µ is homotopic to a mapping M4 →
BSO4 × pt ⊂ BSO4 × BSO3 and therefore j∗h(ξ,3τ ) is induced from some class in
H 4(BSO4;Z). Modulo torsion the group H 4(BSO4;Z) is isomorphic to Z ⊕ Z and is
generated by the first Pontrjagin class p1 and the Euler class W4. Since H 4(M4;Z) is
torsion free, for some integers k and l, we have
j∗h(ξ,3τ ) = kp1(ξ) + lW4(ξ). (10)
Let us apply (10) to the 4-sphere S4 with ξ = T S4. The singular set of the standard
projection f :S4 ↪→ R4 → R3 is a 2-sphere with trivial normal bundle in S4. Hence
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(j∗h(ξ,3τ ), [S4]) = e(f ) = 0. Since p1(T S4) = 0 and W4(T S4) = 2, we conclude that
l = 0.
Finally, k = 0 follows from p1(ξ) = 0 for some ξ . 
To find the number k of Lemma 25 we need another description of the invariant e(j).
Let ξ , η and ζ be vector bundles over a manifold M4. There are natural projections
pr : (ξ ⊕ ζ )◦r → ξ◦r and inclusion i :η → η ⊕ ζ . A point of J n(ξ, η) is a set of n
homomorphisms {gi}i=1,...,n (see Section 4). Define the embedding
sn :J
n(ξ, η) → J n(ξ ⊕ ζ, η ⊕ ζ )
by
sn(g1, . . . , gk) = (g1 ⊕ id, i ◦ g2 ◦ p2, . . . , i ◦ gn ◦ pn).
The homomorphism sn, n 1, is called the stabilization homomorphism afforded by ζ .
Lemma 26 (Ronga [19]).
(1) s−12 (Σ2i (ξ ⊕ ζ, η ⊕ ζ )) = Σ2i (ξ, η),
(2) s−12 (Σ2i,j (ξ ⊕ ζ, η ⊕ ζ )) = Σ2i,j (ξ, η), and
(3) the embedding s2 is transversal to the submanifolds Σ2i,j (ξ ⊕ ζ, η ⊕ ζ ) and Σ2i (ξ ⊕
ζ, η ⊕ ζ ).
Let ξ be an orientable 4-vector bundle, η the trivial 3-vector bundle over M4, and s2
the stabilization homomorphism afforded by the trivial line bundle τ over M4. Lemma 26
allows us to give a definition of e(j) in terms of some cohomology class of H 4(J 2(ξ ⊕
τ, η ⊕ τ );Z).
Lemma 27. There is a cohomology class h ∈ H 4(J 2(ξ ⊕ τ, η ⊕ τ );Z) such that for a
section j :M4 → J 2(ξ, η), we have e(j) = ((s2 ◦ j)∗(h), [M4]).
The proof of Lemma 27 is the same as that of Lemma 24.
Let ξ and η be the vector bundles of dimensions 4 and 3, respectively, over the standard
4-disc D4. The set of regular points in J 2(ξ ⊕ τ, η ⊕ τ ) is homotopy equivalent to SO5.
Therefore, each section j :S3 → J 2(ξ ⊕ τ, η ⊕ τ ) that sends S3 into the set of regular
points defines an element j˜ in the set of homotopy classes [S3,SO5]. The space SO5 is an
H -space; hence j˜ is an element of π3(SO5) = Z. Since J 2(ξ ⊕ τ, η ⊕ τ ) is contractible,
the section j admits an extension to a section over D4 transversal to the singular set of
J 2(ξ ⊕ τ, η ⊕ τ ). We obtain a mapping e :π3(SO5) → Z that sends the homotopy class
j˜ of a section j to the normal Euler number of the singular set of the section j extended
over D4.
Lemma 28. The mapping e :π3(SO5) → Z is a well defined homomorphism.
Proof. Let j1 and j2 be two sections of the bundle J 2(ξ ⊕ τ, η ⊕ τ ) over D4 whose
restrictions j1|∂D4 and j2|∂D4 map S3 = ∂D4 into the set of regular points of J 2(ξ ⊕ τ,
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η ⊕ τ ) and represent the same homotopy class j˜ ∈ [S3,SO5]. The arguments similar to
those in the proof of Lemma 9 show that the normal Euler numbers of the submanifolds
j−11 (Σ) and j
−1
2 (Σ), where Σ is the singular set of J
2(ξ ⊕τ, η⊕τ ), are equal. Therefore,
the number e(j˜ ) does not depend on the choice of representative of the homotopy class j˜ .
We need to verify that the equality
e
(
j˜1 + j˜2
)= e(j˜1)+ e(j˜2) (11)
holds for every pair of elements j˜1, j˜2 of π3(SO5).
For i = 1,2, let ji : ∂D4i → J 2(ξ ⊕τ, η⊕τ ) be a section that leads to j˜i . We can modify
j1 by homotopy that does not intersect the singular set of J 2(ξ ⊕ τ, η ⊕ τ ) so that the
sections j1 and j2 agree on some non-empty open subset of ∂D41 = ∂D42 . Then j1 and j2
determine a section j3 : ∂D41 # ∂D
4
2 → J 2(ξ ⊕ τ, η⊕ τ ), which leads to an element j˜1 + j˜2
of π3(SO5). Extensions of j1 and j2 to D41 and D
4
2 , respectively, give rise to an extension
of j3 to D41 D
4
2 the singular set of which is the union of the singular sets of the extensions
of j1 and j2. Therefore, (11) holds. 
We have defined the normal Euler number of a general position section of the bundle
J 2(ξ, η) in the case where ξ is an orientable 4-vector bundle and η is an orientable 3-vector
bundle. If ξ is an orientable 5-vector bundle and η is an orientable 4-vector bundle, then
again the singular set of a general position section j of J 2(ξ, η) is a 2-submanifold of M4
and therefore we can define the normal Euler number e(j) and the number e(ξ, η) in the
same way as above.
Let g :S3 → SO5 be a generator of π3(SO5) and ϑ the number e(g). Let us calculate
e(δ ⊕ τ,4τ ), where δ is the 4-vector bundle associated with the Hopf fibration S7 → S4.
Lemma 29. e(δ,3τ )= e(δ ⊕ τ,4τ ) = ϑ , up to sign.
Proof. The sphere S4 is a union of two discs D1 and D2 with ∂D1 = ∂D2. A choice of
trivializations of δ over D1 and D2 defines a gluing homomorphism
α : δ ⊕ τ |∂D1 → δ ⊕ τ |∂D2, (12)
which being identified with a mapping S3 → SO5 represents a generator [α] ∈ π3(SO5).
Let J 1 and J 0, respectively, denote the space J 1(δ ⊕ τ,4τ ) and the complement to
the singular set Σ in J 1. To prove Lemma 29, it suffices to determine the normal Euler
number of j−1(Σ) for a particular section j :S4 → J 1. We regard a section of J 1 as a
bundle homomorphism δ ⊕ τ → 4τ . If j is given over D1, then the diagram
δ ⊕ τ |∂D1 α
j |∂D1
δ ⊕ τ |∂D2
id◦(j |∂D1 )◦α−1
4τ |∂D1 id 4τ |∂D2
shows that in the trivialization of δ over D2 the section j |∂D2 is id◦ (j |∂D1)◦α−1, where id
is the identity mapping. If we choose j to be constant over D1, then in the trivialization of
δ over D2 the section j |∂D2 induces a mapping S3 → J 0 ≈ SO5 representing the homotopy
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class −[α] ∈ π3(SO5). Thus the normal Euler number of j extended over D2 is ϑ up to
sign. 
Lemma 30. There is an integer q such that e(TCP 2,3τ ) = 1 + qϑ .
Proof. There is a mapping f˜ of a regular neighborhood E of CP 1 ⊂ CP 2 into R3 such
that the singular set of f˜ is CP 1 (see Lemma 19). Let f be a general position extension
of f˜ on CP 2. The number e(f ) is the sum of the normal Euler number of CP 1 and the
normal Euler number of the surface of singular points that lies in the disc D4 = CP 2 \ E.
The latter number is a multiple of ϑ . Hence for some q , e(f ) = 1 + qϑ . 
To calculate the exact value of e(TCP 2,3τ ) we use the notion of the connected sum of
two bundles.
For i = 1,2, let M4i be a closed oriented 4-manifold and ξi an orientable 4-vector bundle
over M4i . Identifying the fiber of ξ1 over some point in M
4
1 with the fiber of ξ2 over some
point in M42 , we obtain a bundle over M
4
1 ∨ M42 , which is transferred to a bundle over
M41 #M
4
2 by a natural mapping M
4
1 #M
4
2 → M41 ∨ M42 . We denote the resulting bundle
over M41 #M
4
2 by ξ1 # ξ2. It follows that the additivity properties(
p1(ξ1 # ξ2),
[
M41 M
4
2
])= (p1(ξ1), [M41 ])+ (p1(ξ2), [M42 ])
and
e
(
ξ1 # ξ2,3τ
(
M41 M
4
2
))= e(ξ1,3τ (M41 ))+ e(ξ2,3τ (M42 ))
take place.
Lemma 31. e(TCP 2,3τ )= 3.
Proof. Let δ be the 4-vector bundle over S4 with p1(δ) = 2. Lemma 29 implies that
e(δ,3τ ) = ±ϑ . For K = 2CP 2, we have p1(T K # δ#3) = 0, where δ#3 stands for δ # δ # δ.
Lemma 25 shows that e(T K # δ#3,3τ ) is also zero. By additivity,
0 = e(TK # δ#3,3τ )= −2(1 + qϑ)± 3ϑ.
Since q and ϑ are integers, we conclude that e(TK,3τ ) = ±6, which implies e(TCP 2,3τ )
= ±3. On the other hand it is known [26] that e(TCP 2,3τ ) ≡ 3(mod 4). Therefore,
e(TCP 2,3τ )= 3. 
Lemma 31 shows that the integer k in Lemma 25 equals 1. Thus, for every
oriented 4-manifold M4 and a general position mapping f :M4 → R3, we have e(f ) =
(p1(M4), [M4]). This completes the proof of Lemma 23. 
Theorem 2 is proved. 
9. Proof of Theorem 3
As has been shown, a homotopy class of a general position mapping f from a connected
closed oriented 4-manifold M4 into an orientable 3-manifold N3 has a fold mapping if
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and only if e(f ) = (p1(M4), [M4]) ∈ Q(M4). That is the number (p1(M4), [M4]) is a
value of the intersection form of M4. First, let us consider the case where the intersection
form of M4 is indefinite. If p1(M4) = 0, then for every f , e(f ) = 0 ∈Q(M4). Suppose
p1(M4) = 0.
Lemma 32. If the intersection form of a closed simply connected manifold M4 with
p1(M4) = 0 is indefinite odd, then Q(M4) contains every integer. In particular, (p1(M4),
[M4]) ∈Q(M4).
Proof. Since the intersection form of M4 is odd, in H2(M4;Z) there exists a basis
g1, g2, . . . , gs, . . . , gk such that the value of the intersection form at α1e1 + · · · + αses +
· · ·+αkek is α21 +· · ·+α2s −α2s+1−· · ·−α2k . Therefore, the number e(f ) is inQ(M4) if and
only if e(f ) can be represented in the form α21 +· · ·+α2s −α2s+1−· · ·−α2k for some integers
αi, i = 1, . . . , k. Since the intersection form is indefinite, this sum has at least one positive
square and at least one negative square. Since the signature σ(M4) = 13p1(M4) = 0, the
number k of squares is at least 3. Suppose that the number e(f ) is odd. Then it can be
represented as the difference of two squares. Suppose that e(f ) is even. Then the odd
number e(f ) ± 1 can be represented as the difference of two squares and the third square
of the sum can be used to add ∓1 to the difference to get e(f ). Hence Q(M4) = Z. 
Suppose that the intersection form of M4 is indefinite even. Being even, it is isomorphic
to a direct sum of some copies of the forms ±E8 and some copies of the form with matrix( 0 1
1 0
)
. Consequently, the number (p1(M4), [M4]) = 3σ(M4) is even. Every even indefinite
intersection form contains a subform isomorphic to
( 0 1
1 0
)
. Since this subform takes every
even value, we have (p1(M4), [M4]) ∈Q(M4).
Thus, every closed simply connected 4-manifold with indefinite or trivial intersection
form admits a fold mapping into R3.
To treat the case where the intersection form of M4 is definite, we need the Donaldson
Theorem. Let kJ , k = 0, denote the form of rank |k| given by the diagonal matrix with
eigenvalues 1 if k > 0 and −1 if k < 0.
Theorem 33 (Donaldson [6]). If the intersection form of a closed oriented smooth
4-manifold is definite, then the form is isomorphic to kJ for some integer k = 0.
Lemma 34. Suppose that the intersection form of a connected closed simply connected
manifold M4 with p1(M4) = 0 is definite. Then (p1(M4), [M4]) ∈ Q(M4) if and only if
the intersection form is isomorphic to kJ , |k| 3.
Proof. It suffices to consider only the case where k > 0. If k = 1, then the intersection
form is isomorphic to that of CP 2 and (p1(M4), [M4]) = 3σ(M4) is not in Q(M4).
For k = 2, the set Q(M4) consists only of integers that can be represented as the sum
of at most two squares. Hence the number (p1(M4), [M4]) = 6 is not in Q(M4). If
k = 3, then (p1(M4), [M4]) = 9 ∈ Q(M4). Finally, by the Lagrange theorem, every
positive integer can be represented as a sum of four squares. Thus for k  4, we have
(p1(M4), [M4]) ∈Q(M4). 
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In view of Theorem 1, Lemmas 32 and 34 imply that M4 admits a fold mapping
into R3 if and only if the intersection form of M4 is different from ±J and ±2J . By
the J.H.C. Whitehead Theorem about the oriented homotopy type of a simply connected
4-manifold (see [16,30]), this completes the proof of Theorem 3. 
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